Abstract. Motivated by structured parasite populations in aquaculture we consider a class of 
Introduction

15
In this paper, we study the following partial integro-differential equation 16 ∂ ∂t p(s, t) + ∂ ∂s (γ(s, P (t))p(s, t)) = −µ(s, P (t))p(s, t) + m 0 β(s, y, P (t))p(y, t) dy, (1.1) γ(0, P (t))p(0, t) = 0, ( Here the function p = p(s, t) denotes the density of individuals of size (or other developmental 17 stage) s at time t with m being the finite maximal size any individual may reach in its lifetime.
18
Vital rates µ ≥ 0 and γ ≥ 0 denote the mortality and growth rates of individuals, respectively, and 19 both depend on both size s and on the total population size P (t) for sea louse research.
51
In this paper, we focus on the dynamics of inviduals at the chalimus to adult stages. 
Separable fertility function
101
In the special case of The solution of (2.4) satisfying the initial condition in (2.2) is readily obtained as
Multiplying equation (2.5) by β 2 and integrating from 0 to m yields the following necessary con-108 dition for the existence of a positive equilibrium solution
Therefore we define a net reproduction function R as follows
It is straightforward to show that for every positive value P * for which R(P * ) = 1 holds, formula 111 (2.5) yields a unique positive stationary solution p * , where P * may be determined from equation 112 (2.5) as
Then it is straightforward to establish the following result. 
(2.9) 
Condition (2.9) and the growth behaviour of the functions in (2.7) imply that
hence the claim holds true on the grounds of the Intermediate Value Theorem. 2
The general case
121
For a fixed P ∈ (0, ∞) we define the operator B P by 122
Our goal is to show that there exists a P * such that the operator B P * has eigenvalue 0 with a 123 corresponding unique positive eigenvector. To this end, first we establish that B P is the generator of 
136
Lemma 2. For every P ∈ (0, ∞) the semigroup T (t) generated by the operator B P is positive.
137
Proof. We rewrite (2.11) as, B P = A P + C P , where
This shows that the resolvent operator R(λ, A P ) is a positive bounded operator, hence A P gene-141 rates a positive semigroup. Since C P is a positive and bounded operator, the statement follows. 2 142
143
Lemma 3. The linear semigroup T (t) generated by the operator B P is eventually compact.
144
Proof. We note that A P generates a nilpotent semigroup, while it is easily shown that C P is a Then the linear semigroup T (t) generated by the operator B P is irreducible.
148
Proof. We only need to show that under condition (2.13) for every p 0 ∈ L 14) and
15)
and a β + (s, y, P ) = β 
We multiply equation (2.19) by β − 2 and integrate from 0 to m to arrive at the characteristic equation operator by condition (2.14), it follows that B P − has a dominant real eigenvalue 
If also f (x) + f (−x) > 0 holds true for x = 0 then f is called a half-norm on Y. The linear
An operator O which is p-dissipative with respect to the half norm
is called dispersive, where 
(i) O is the generator of a positive contraction semigroup.
218
(ii) O is densely defined, Rg(λI − O) = Y for some λ > 0, and O is dispersive. 219 We also recall that O is dispersive if for every x ∈ Dom(O) there exists φ ∈ Y * with 0 ≤ φ, Making use of condition (3.10) we obtain the following estimate.
232 The fact that u ∈ Dom(A) is well defined by (3.14) follows from is uniformly exponentially stable (see e.g. [9] Proof. C is a rank-one operator. Hence it is compact on X = L 1 (0, m). D is linear and bounded. we made on β based on the following estimate
Therefore, it suffices to investigate the operator A + B. To this end, we note that the abstract This means that the semigroup T (t) generated by A + B is nilpotent. In particular it is compact [12] we used the dissipativity approach, presented in the previous section, to establish conditions 277 which guarantee that the spectral bound of the linearized semigroup is negative. However, as we 278 can see from Remark 9 this approach gives a rather restrictive stability condition. Therefore, here 279 we devise a different approach, which uses positive perturbation arguments.
280
Theorem 14. Assume that there exists an ε > 0 such that Proof. Let ε > 0, and define the operator F ε on X as 284
We first find the solution of the eigenvalue equation 
We note that, ifū = 0 then equation (4.3) shows that u(s) ≡ 0, hence we have a non-trivial 288 eigenvector if and only ifū = 0 and λ satisfies the following characteristic equation Next, for a fixed 0 ≤ f ∈ X , we obtain the solution of the resolvent equation 
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where 9) and 309 g(s) =
Proof. To characterize the point spectrum of A + B + C + D we consider the eigenvalue problem
The solution of (4.10) is found to be 311 (U , U) is a non-zero solution of equations (4.12)-(4.13) for some λ ∈ C then (4.11) yields a 317 non-trivial solution U. This is because the only scenario for U to vanish would yield
This however, together with equations (4.12)-(4.13) would imply U = U = 0, a contradiction, γ s (r, P * ) + µ(r, P * ) γ(r, P * ) dr g(y)γ(y, P * ) + β 1 (y, P * )β 2 γ(y, P * ) dy ds < 1. which holds true for every u ∈ Dom(A + B + C + D) indeed when condition (3.10) is satisfied.
376
As we have seen previously in Section 3., since the linearised system is not a population model 377 anymore, the governing semigroup is not positive unless some additional condition is satisfied. 378 However, it was proven in [16] 
